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ABSTRACT 
Let A ,,1 be a positive definite, m X m, Toeplitz matrix. Let A, be its k X k principal 
minor (for any k<m), which is also positive definite and Toeplitz. Define the central 
mass sequence {pi,...,p,,} by pk=sup(o:Ak-pDk>O}, in which IIk is the kxk 
matrix of all 1’s. We show how knowledge of the sequence {ok} is equivalent to 
knowledge of the matrix A,,,. This result has application to the direct and inverse 
problems for a transmission line which consists of piecewise constant components. 
Knowing the impulse response of the transmission line, we can calculate the capaci- 
tance taper of the line, and vice versa. 
I. INTRODUCTION 
A Toeplitz matrix is a symmetric matrix whose components are constant 
along each diagonal. Let A, be a positive definite m X m Toeplitz matrix with 
the (k, l)th component given by 
(1.1) 
Let A, be its k X k principal minor, the upper left hand kX k block in A,,,, for 
any k<m. A, is also positive definite and Toeplitz. The central muss 
sequence {pl,..., pm} for A, is defined as 
(1.2) 
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in which IIk is the k X k matrix all of whose entries are l’s, and the inequality 
means that the matrix on the left is positive definite. We will adopt the 
following notion. All vectors will be column vectors, unless denoted otherwise. 
The vector transpose will be indicated by +. 
The direct problem for the central mass sequence is to find the pI;‘s 
knowing A,,,. This is solved in Theorem 2.1, with the result that 
i =lt,A& (14 
in which 1, is the k dimensional column vector of all 1’s. The inverse problem 
is to reconstruct the matrix A,,, knowing its central mass sequence. In 
Theorem 2.2 this problem is solved. The formula for uk requires the evalua- 
tion of a determinant which depends on a,, . . . , ak_ 1 and pk. In this way each 
A, is found recursively. 
These results are applied to the direct and inverse problems for a discrete 
transmission line. The current and voltage in a transmission line are governed 
by the telegraph equations: 
0%(x, t)= -L(x)i,(x, t), 0.4) 
L(x, t>= -C(x)u,(x, t), 0.5) 
in which L(x) and C(x) are the inductance and capacitance taper of the line. 
For simplicity we require that L(X)= l/C(x). We will consider a half-infinite 
transmission line consisting of a sequence of constant segments each of length 
$. The capacitance taper is then given by 
C(x)=C, for 7 <X<Z 
2’ 
m=1,2,... . (1.6) 
We will take C, = 1. 
The impulse response of the line is the voltage observed at the point x=0 
due to a forcing current 6( t ) applied at x=0, with the line initially quiescent. 
This impulse response looks like 
v(O,t)= g a&t-n+l). (1.7) 
n=l 
More generally, an imposed current i(0, t) of the form 
i(0, t)=i, for m- l<ttm, m=1,2 ,...> (I.81 
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will result in a voltage ~(0, t ) of the form 
u(0, t)=u, for m-lGt<m, m= 1,2 ,...> (1.9) 
(1.10) 
The energy used, up to time t=m, in driving this current into the transmis- 
sion line is calculated as 
E, = J ?(o, t)u(0, t)dt 0 
=ikA,,,i,,,, (1.11) 
in which A,,, is the mXm positive definite Toeplitz matrix with (k, 1)th entry 
given by 
k=l, 
k#l, 
(1.12) 
and the vector of current i, is 
i,=(i,,...,i,)+. (1.13) 
We show in Theorem 4.1 that the kth term of the central mass sequence of 
the matrix A, is 
(1.14) 
So knowledge of the capacitance tapers C,, C,, . . . , is equivalent to knowledge 
of the central mass sequence pr, pa,. . . . From the preceding general results 
about Toeplitz matrices and their central mass sequences, this is equivalent to 
knowledge of the matrices A r, A,, . . . . But the components of the A,‘s are 
just the coefficients in the impulse response of the transmission line. There- 
fore we see how to calculate the capacitance tapers C,, C,, . . . of the transmis- 
sion line knowing the impulse response, and conversely how to find the 
impulse response knowing the capacitance tapers. 
The continuous version of this problem was done by Gopinath and Sondhi 
[l]. They considered C(x) to be a continuous function and showed how 
knowledge of C(x) is equivalent to knowledge of the impulse response. The 
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arguments presented in Sec. 4 of this paper, showing how to apply the matrix 
results of Sec. 2 to the transmission line problem, are discrete versions of their 
arguments. They also describe a physical meaning of the central mass 
sequence. It gives the size of a negative capacitance which can be added to 
the line at x=0, so that the resulting line remains passive for some time 
period. A line being passive means that energy is always required to drive a 
current into it. 
The inverse, or synthesis, problem for a lossless transmission line arises in 
many fields, such as waveguide design, inverse scattering, and acoustics 
[2-51. General discussions of this subject can also be found in [6] and [7]. The 
theory and applications of Toeplitz matrices can be found in [8-lo]. 
Henry Landau has studied the synthesis of a discrete transmission line 
from a geometric approach [ll]. 
II. TOEPLITZ MATRICES AND THEIR CENTRAL MASS 
SEQUENCES 
Let A, be an mXm positive definite Toeplitz matrix with entries uk, 
k=l,..., m, as in (1.1). The matrix A, is the kXk principal minor of A,,,, for 
k<m. Define the central mass sequence {pr,..., p,} for A, as in (1.2). The 
following two theorems show that knowledge of the matrix A,,, is equivalent 
to knowledge of its central mass sequence. 
THEOREM 2.1. The term pk of the central muss sequence for A,,, has the 
simple form 
i = lt,A,‘l,. (2.1) 
THEOREM 2.2. A positive definite Toeplitx matrix A,,, is determined 
uniquely by its central muss sequence { pl,. . . , p,,,}. Each component ak of A,,, 
is found in turn as the solution of one of the following equations, which 
dependonlyonpkandal,...,ak_l: 
(a) For k even, ak is the solution of 
a2+alB2pk a3 +a2-2pk ak/2+l +ak/2-2pk 
a3+a2-2pk a4 +al-2pk ak/2+2+ak/Z-~r2pk 
det 
=o. (2.2) 
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(b) For k odd, a k is the solution of 
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de1 
a~k+l~/Z-Pk a(k+3)/2+a(k-1)/2-2Pk a(k+S~/Sia~k-3~/Z-2~k 
2a(k+1j/2-2pk 
a~k+3,/2+a(k~1)/2-2pk 
. 
a(k+S)/Zta(k~3)/2-2Pk 
ak +aL-2pk 
=o. 
(2.3) 
REMARK. Although the expression in Theorem 2.1 is easy to state, it is 
not so easy to calculate. An easier way to compute pk is to note that the 
determinant det(A, -pll,) is linear in p and vanishes at p=pk. So after 
evaluating this determinant at two different values of p, we can then 
extrapolate linearly to find the value of pk. 
The proof of Theorem 2.1 will be deduced from the following result [ 121. 
LEMMA 2.1. Let u and v be k-vectors and A a k X k nonsingular matrix. 
Then 
(A-uv+))‘=A-‘+ :I;$;;, (2.4 
and 
det(A-uv’)=(l-vtA-‘u)detA. (2.5) 
Proof of Theorem 2.1. It follows simply from the definition of pk that 
det(Ak -pkIIk)=O. (2.6) 
The matrix lIk can be written as the product 
rlk =&IL. (2.7) 
Using Lemma 2.1 and the equation (2.6), we obtain 
det(A, -pknk)=(l-pkltA;‘lk)det A,, (2.6) 
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l-p,lt,A,‘l, =O; (2.9) 
in other words, 
; =l:A,‘l,, (2.10) 
as the theorem states. The right hand side is the sum of the entries of AL’. W 
The proof of Theorem 2.2 will require some preliminary considerations. 
First we prove a lemma about the central mass sequence. 
LEMMA 2.2. Let {pl ,..., pm} be 
positive definite Toeplitz matrix A,,,. 
decreasing, i.e., 
the central mass sequence for the 
Then the sequence {pk} iS SttiCthJ 
Pk’Pk+l for k=l,...,m-1. (2.11) 
hOOf. It is clear that & 3&+r. 
First we show that p1 >pz. The first two p’s are easily calculated as 
PI =a13 
Ql +a‘2 
Pz = ~ 2 * 
(2.12) 
Since A, >O, then 
so that 
al>la21T (2.13) 
P1>Pz. (2.14) 
Next we proceed by induction to prove that pk >pktl if pk--l >pk. SUppOSe 
to the contrary that pk_-l >pk=pk+l. Then it wih turn out that Ak+r is not 
positive definite, which is a contradiction. 
The matrix Bk=Ak-pkIIk has a nub vector U=(Ur,.+.,Uk)f. Further- 
more the entry ur #O, since if ur did vanish, then u’=( u2,. . . , t&k)’ would be 
AN INVERSE PROBLEM FOR TOEPLaIT MATRICES 213 
a null vector of A,_, -pkIIk-r. But since pkel >pk, thenAk_r -~kHk_~ >O, 
and it has no null vector. Hence ur #O. 
We now show that the vector W= (ur, . . . , uk, 0)’ is a null vector of 
B k+l =Ak+l -pk+l13k+l. By the definition of pkfl, we know that 
v+B k+lvaO> (2.15) 
for any vector o. In particular this is true for v=(u,, . . . , uk, a)‘, with any 
number cy. For such v the quadratic form can be calculated. Since pk =pk+r, 
B k+l can be written as 
B 
Bk z 
k+l= I I z+ b, 9 (2.16) 
in which z=(ok+r-pk+r,...,aa -P~+~)+ and b, =ul -P~+~. The quadratic 
form in (2.15) can then be calculated to obtain 
v+B ,+,v=u+Bku+2az+u+a2b, 
=2az+u+a2bl, (2.17) 
since u is a null vector of B,. From (2.15), this quadratic form is nonnegative 
for all (Y. It follows that 
z+u=o. (2.18) 
Thus 
=o, (2.19) 
i.e., zU=(u, ,..., uk,O) is a null vector of Bk+l. 
By the symmetries inherent in Bkfl, also ti=(O,ukr...,ul) is a null 
vector of Bkfl. The null vector we are interested in is w =3-W. Since 
U1 #O, then w is nontrivial; also it is a m.rh vector of ffk+r. Therefore w is a 
null vector of A k+l =Bk+l +pk+lnk+l. Since it has a null vector, Ak+r is not 
positive definite. This is the intended contradiction, which shows that pk+ 1< pk 
and completes the proof of the lemma. n 
Next we state a general formula for the determinant of a Toeplitz matrix. 
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LEMMA 2.3. Let B,,, be an m X m Toeplitz matrix with entries given as 
(Bm)i/=b/i-i\+l. (2.20) 
fien the determinant of B,,, can be split as the product of two determinants, 
as 
det B, =det BnT det BG, (2.21) 
The matrices BJ and B,,- have different forms depending on whether m is 
even or odd: 
(i) For m even, B,’ and Bi are (m/2) X (m/2) matrices given by 
(Bi )=(bi+i-b,,~,,+1)~61. 
(2.22) 
(2.23) 
(ii) For m odd, B + is an (m + 1)/2X (m + 1)/2 matrix given by 
(B&= :ii, I 
for i=l, 
for i=l, j>l, 
bi+i_l +b,i-i,+l, for i> 1, i> 1, 
(2.24) 
and Bi is an (m - 1)/2 X (m - 1)/2 matrix given by 
B,- =(bi+i+l-b,i~i,+,)m~=1i2. (2.25) 
Furthermore the principal minor of B,’ or Bi , which is found by deleting 
the last row and column of B,’ or B,,, , is just B,,!_, or B,,_2, respectively. 
Proof. Change the matrix B,,, by row and column operations, which leave 
its determinant unaltered. First we subtract the kth row from the (m - k + l)th 
row for k= 1 , . . . , [m/21 (the [ 1 means “the largest integer less than or equal 
to”). Then we add the kth column to the (m-k+ 1)th row for k= 1,. . . , [m/2]. 
This leaves a matrix of all zeros in the lower right [m/2] X [(m + 1)/2] block. 
The resulting determinant is just the product of the determinants of the lower 
left [m/2] X [m/2] block and the upper right [(m + 1)/2] X [(m + 1)/2] block. 
After some rearrangement these two blocks are seen to be B, and B,‘, 
respectively. n 
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We write this out for a 4 X 4 and a 5 X 5 matrix: 
b, b, h hi 
b2 bl kz b3 
b3 b2 bl b2 
h b3 62 bl 
b, b, 
b, b, 
b3 b2 
h b, 
4 b‘l 
215 
b,+b, b,+b, 
/I 
b,-b, b,-b, 
= b,+b, b,+b, ’ b,-b, b,-b, ’ 
(2.26) 
b, b4 b, 
b, b, b4 b, 2b, 2b, 
b, b, b, = b, b,+b, b,+b, 
b, b, b, b, b,+b, b,+b, 
b, b, b, 
b,-b, b4 -b, 
b,-b, b,-b, ’ (2.27) 
One important point is that the matrix B; ’ IS unaffected by the subtraction of 
a number p from each entry of B,; hence with B, defined as before, 
Bk =(A,-@,)-=A,. (2.28) 
Finally we are ready to reconstruct A, using pl,. . . , pk, proving Theorem 
2.2. 
Proof of Theorem 2.2. We do this by induction, supposing A,, . . . , A,_, 
to be already known; we want to find A,. In other words a,,. .., akpl are 
known, and we want to find ak knowing pk. Now the determinant of 
A, -pkIIIk vanishes. It also has the splitting given in the above lemma, i.e. 
O=det(A, -pkIIk) 
=det(Ak-pkIIIk)+det(A,-p,II,)-. (2.29) 
But, as stated above, 
det( A, -pkHk)- =det A; #O, (2.30) 
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since det A, = det Ai det Al #O. Thus 
det(A,-pkIIk)+=O. (2.31) 
Notice that the entry uk appears only once-in the lower right hand 
corner-in the matrix (Ak -pkHk)+. So the determinant is linear in uk, and 
its coefficient is the determinant of the principal minor of (Ak -pkTIIk)+ 
which is found by deleting its last row and column. As remarked at the end of 
Lemma 2.3, this minor is just the matrix (A,_, -P~II~_~)+. Since pk -=IP~_~, 
this matrix is positive definite, and its determinant is positive. So the linear 
equation (2.31) for a, is nondegenerate and has one single solution. 
This is the solution of the problem. Knowing the central mass sequence 
al,..., a,, we are able to solve the equation (2.31) for each k in succession to 
find a, ,..., a,, i.e. to find A,. This equation is just the equation in (2.2) or 
(2.3), depending on whether k is even or odd. W 
III. THE DISCRETE TELEGRAPH EQUATIONS 
The voltage u( x, t ) and current i( x, t ) on a lossless transmission line 
satisfy the telegraph equations (1.4) and (1.5). For simplicity we will always 
assume that L(x)= l/C(x) (the more general case can be treated in a similar 
way as in [l]), so that we get the following equations: 
i*(x, t)= -C(r)v,(x,t). (3.2) 
In particular if C is constant, then v and i each satisfy the wave equation, 
i.e. 
(3.3) 
i,, =itt, (3.4) 
and the two are related by 
1 
vx=--i. 
C’ 
An impulse of current moving to the right or left is given by 
(3.5) 
i(x, t)=a(x-+t). (3.6) 
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It has a voltage response of the form 
c(x,t)=T+t). (3.7) 
At the junction point x0 of two such transmission lines of constant 
capacitance taper C, on the left and C, on the right, the voltage and current 
must be continuous, i.e. 
+a-_,t)=+,+,t), (3.8) 
i(r, -, t)=i(xo +, t). (3.9) 
Consider an impulse of current traveling from the left towards a junction at 
x=0. After the impulse reaches the junction, a transmitted impulse will move 
to the right through the second line, and a reflected impulse will move back to 
the left through the first line. The current has the form 
i(x, t)= 
{ 
6(x-t)+RG(r+t) for xC0, 
2%(x-t) for ~20, 
(3.10) 
and the voltage has the form 
I 
k{G(rt)-RS(x+t)) for x<O, 
0(x, t)= 
@(r-t) 
(3.11) 
for ~20, 
, 
according to (3.5). The reflection and transmission coefficients R and T are 
now found by matching the voltage and current across x=0, as in (3.8) and 
(3.9): 
6(-t)+RS(t)=T6(-t), (3.12) 
${a(-t)-fM(t)}=&T8(-t), 
r 
from which it follows that 
G-C, 
II= C,-tC,’ 
(3.13) 
(3.14) 
(3.15) T23- c,+c; 
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Note that if C, = C,, there is pure transmission. If C, =O, there is pure 
reflection. 
We are interested in a transmission line which consists of a series of half 
unit length segments, (n - 1)/2 G x G n/2, with n = 1,2,. . . , each of constant 
capacitance taper C,, on the right. Note that we have set the capacitance 
taper in the first segment equal to 1. We will always assume that the 
transmission line is quiescent at time t=O to the right of the origin, i.e., 
u(x,O)=i(x,O)=O for x>O. 
We specify the current at the origin to be an impulse i(0, t)=&t). 
Because of the linearity of the system and the discrete nature of the 
reflections and transmissions, the voltage impulse response to this current is 
given by 
us(o, t)= g a&-k). 
k=O 
Now consider the general problem in which the current at the origin is 
specified to be piecewise constant, i.e., 
i(0, t)=i, for m-lGt<m, m=1,2,... . (3.16) 
Convolute this with the impulse response ug to find the voltage at the origin 
as 
40, t)=u,, for 
u,= 5 akim-k+l, 
k=l 
We will use a vector notation, denoting 
mGt<m, 
m=1,2,... . 
i,=(i,,...,i,)+, 
v,=(ur,...,u,)f, 
(3.17) 
(3.18) 
(3.19) 
and define the Toeplitz matrix A, as in (l.l), in which 
ak = +cxk for k>l. 
(3.20) 
The following lemma states an important interpretation of the matrix A,. 
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LEMMA 3.1. Consider a half-infinite piecewise constant transmission line 
with positive capacitance taper C(x) given by 
m-l 
C(x)=C,, for 7,x<;, m=1,2,... . (3.21) 
Let the line be initially quiescent, i.e., 
i(x,O)=v(x,O)=O for x>O; (3.22) 
then impose a piecewise constant current i(0, t) at the boundary x=0 as in 
(3.16). Let v(x, t) and i(x, t) be the resulting voltage and current at (x, t), for 
x3 0, tb 0. Then for A,,, as defined above, we have 
i!,,A,,,i, = 
/ 
R*v(O, t)i(O, t) dt (3.23) 
0 
I )‘.,I 
&i(x,m)“+C(x)v(x,m)2) dx. (3.24) 
In particular, A,,, is positive definite. 
Proof. Denote 
E(t)=iim( &i(x, t)“+C(x)v(x, t)2] dx. 
Then 
dE 001 
dt= 0 j( 
c ii, + Cvv, dx, 
I-- Oa(iv,+vi,)dx 
/ 
=i(O, t)v(O, t). (3.25) 
There is no trouble with this calculation as long as i and v are piecewise 
continuous, which is the case here. As usual, we are taking the derivative of a 
piecewise constant function to be a sum of &functions. Thus 
E(t)=/‘i(O, t)v(O, t)dt. 
0 
(3.26) 
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E(m)= (Y(o, t)v(o, t)dt 
JO 
k=l k=l I=1 
=ikA,i,. (3.27) 
Furthermore E(m) is positive if i, is nontrivial, since C is positive. Therefore 
A, is positive definite. n 
E(t) is the total amount of energy in the transmission line at time t. For 
this reason we will call A,,, the energy matrix. From (3.23) note that the 
product ~(0, t)i(O, t) is the rate at which energy is fed into the line. 
IV. THE INVERSION OF THE TELEGRAPH EQUATION 
The main application in this paper is the inversion of the discrete 
telegraph equations as stated in the following theorem. 
THEOREM 4.1. For every positive definite m Xm Toeplitz matrix A,, 
there is exactly one set of positive numbers {C,, . . . , C,}, such that A,,, is the 
energy matrix for a discrete transmission line with the capacitance taper C(x) 
given by 
k=1,2 ,..., m. 
Furthermore let (pl,..., pm} be the central mass sequence for A,. Then 
;= ; c,. 
I=1 
(4-l) 
(4.2) 
This theorem shows how to find the capacitance taper of the line up to the 
point m/2, knowing the energy matrix A,,,, which is equivalent to knowing 
the voltage impulse response at x = 0 and for time 0 c t < m. It takes time m to 
find out about the line up to point x=m/2, since it takes that amount of time 
for a signal to leave the origin, travel out to x=m/2, and then come back. 
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Before this section we have always asked that C,, = 1. This results in the 
restriction that a, =(A,),, = 1. This restriction was an unnecessary conveni- 
ence which we will continue to employ. 
First we state a lemma which plays on the symmetries in the Toeplitz 
matrix A,,,. 
LEMMA 4.1. Let i(0, t) be given by a vector i, ofcurrent as in (3.16) and 
(3.18). Let v,,, be the resulting vector of voltage us in (3.17) and (3.19). Further 
suppose that i(0, t) is symmetric around t =m/2, so that 
2k -%-k+l* 
Define 
v,-(V,,*..J*> 
=2A,i,. 
Then 
v, =t)k +v,,,-_k+l. 
(4.3) 
(4.4) 
(4.5) 
Proof. We calculate 
vk =2 iii alk-ll+lil 
l=l 
= i ajik_j+I+ m-$lajik-r+j using (3.20) 
j=l j=l 
= ,glajik-i,,+ m~ii~laji(m-k+l)-j+l using (4.3) 
=vk +V,,-_k+l, (4.6) 
using (3.17). n 
In order to verify the statement (4.2) in the theorem, we state the 
following lemma. 
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LEMMA 4.2. Let A,,, be the energy matrix for the discrete transmission 
line with capacitance tapers C, = 1, C,, . . . , 
column vector solving 
C,. Let i, be the mdimensional 
A,i, = l,, (4.7) 
in which 1, is the vector of all 1’s. Then 
(4.8) 
k=l 
Proof of Theorem 4.1. From Lemma 4.1, the result (4.2) follows easily, 
since 
l’,i, = l’,A,‘l, = 1 
Pin' 
(4.9) 
from Theorem 2.2. Now the results of Sec. II show the existence and 
uniqueness of the capacitance tapers C,, . . . , C, given the energy matrix A,. 
n 
Proof of Lemma 4.2. We show that the vector i, has a special interpre- ,.. 
tation. Let i, be the vector of current at x=0, i.e. 
i(O,t)=i, for k-lGt<k, k=l,.,.. 
and let v(x, t) be the voltage response. We wilI find that 
vx,m = 
( )I 
1 for O<X<:, 
2 0 for ~27, 
m, (4.10) 
(4.11) 
i.e., i, is the forcing current which charges the line to unit voltage up to the 
point x=m/2 at time t =m/2. 
The second half of Eq. (4.11) is true because no effect of the boundary 
conditions has reached x>m/2 by time t=m/2. To see that the voltage in 
the remaining segment is unity, we first note that i, =(ii, . . . , i,)’ is symmet- 
ric about its center because of the symmetries in A, and l,, i.e. 
ik=im-_k+i) (4.12) 
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so that Lemma 4.1 is applicable. With that in mind we define 
v(x,t)=u(x,t)+v(x,m-t), 
Z(x, t)=i(x, t)-i(x,m-t) 
(4.13) 
(4.14) 
for 0~ t Gm. Then from Lemma 4.1 and from (4.12) we obtain 
v(0, t)=2, (4.15) 
z(0, t)=o for O<t<m. (4.16) 
Furthermore V and Z satisfy the telegraph equations, since u and i do. But the 
unique solution of the telegraph equations, with the boundary values given by 
(4.15) and (4.16), is 
V(x, t)=2, (4.17) 
Z(r, t)=O, (4.18) 
for 0 < t < m-x. In particular 
v.,; =2 
( 1 
for O<r<y, (4.19) 
so that the first half of (4.11) follows from (4.13). 
From the telegraph equations (3.1) and (3.2) we can derive the equation 
(4.20) 
which describes conservation of charge. Both sides of this equation are easily 
evaluated at t=m/2. The left side is 
=+l’,i,, (4.21) 
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using (4.12) in the first step. The right side is 
=+ 5 c,, 
k=l 
(4.22) 
using (4.11). Therefore 
I’,;,= 5 ck, 
k=l 
(4.23) 
which is the desired result in Lemma 4.2. n 
The direct and inverse problems have been solved. Knowledge of the 
impulse response ug is equivalent to knowledge of the energy matrix A,,, 
through the equations (3.15) and (3.20). Knowledge of the capacitance tapers 
{ck} is equivalent to knowledge of the central mass sequence {pk} through 
Eq. (4.2). Theorems 2.1 and 2.2 show how knowledge of A, is equivalent to 
knowledge of {&}. Each of these steps is presented in a form which can be 
calculated. Therefore we see how to find the capacitance tapers {ck} 
knowing the impulse response v8, and vice versa. 
This work wa.s performed at Bell Telephone Laboratories and the Courant 
Institute. I am vey grateful to B. Gopinath for suggesting this problem and 
providing much helpful advice and critic&n. 
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